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a b s t r a c t
In this paper we prove Korovkin type theorem for iterates of general positive linear
operators T : C [0, 1] → C [0, 1] which preserve e2 and derive quantitative estimates in
terms ofmoduli of smoothness. The results can be applied to severalwell-knownoperators;
we present here the Bernstein, the q-Bernstein, the genuine Bernstein–Durrmeyer and the
genuine q-Bernstein–Durrmeyer operators.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and statement of results
The iterated Bernstein operators were investigated in the 60s and 70s by Sikkema [1], Kelisky and Rivlin [2], Karlin and
Ziegler [3], Nagel [4,5], da Silva [6] and Gonska [7,8]. Some of this research was later generalized by Altomare et al. (see, for
example, [9–11]). Altomare suggested to use in this context an approach described by Dickmeis and Nessel [12]. This was
done recently by Rasa in [13,14]. The methods employed to study the convergence of iterates of some operators occurring
in Approximation Theory include Matrix Theory methods, like stochastic matrices [15–17], Korovkin-type theorems [3],
quantitative results about the approximation of functions by positive linear operators [18,19], fixed point theorems [20–22],
or methods from the theory of C0-semigroups, like Trotter’s approximation theorem [3,23]. The other papers related to the
subject of this article were written by Rus [22,24–26], Agratini [27–29,20], Adel et al. [30], Abel and Ivan [31], Gavrea and
Ivan [32], Ostrovska [33], Gal [34–37], Mahmudov [38].
Let C[0, 1] be the set of all real-valued and continuous functions defined on the compact interval [0, 1] endowed with
the sup-norm ∥f ∥ := sup{|f (x)| : x ∈ [0, 1]}.W2,∞[0, 1] is defined as follows
W2,∞[0, 1] := {f ∈ C[0, 1] : f ′ absolutely continuous, ∥f ′′∥L∞ <∞},
∥f ∥L∞ := vraimax{|f ′′(x)| : 0 ≤ x ≤ 1},
and L∞ is the space of essentially bounded measurable functions endowed with ∥ · ∥L∞ norm.
The main tools to measure the degree of convergence of the powers of positive linear operators are the moduli of
smoothness of first and second orders. For f ∈ C[0, 1] and δ ≥ 0 we have
ω1(f ; δ) := sup{|f (x+ h)− f (x)| : x, x+ h ∈ [0, 1], 0 ≤ h ≤ δ},
ω2(f ; δ) := sup{|f (x+ h)− 2f (x)+ f (x− h)| : x, x± h ∈ [0, 1], 0 ≤ h ≤ δ}.
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For f ∈ C[0, 1]we define the extension fh : [−h, 1+ h] → R, with h > 0, by
fh(x) :=
P−(x), −h ≤ x ≤ 0,
f (x), 0 ≤ x ≤ 1,
P+(x), 1 ≤ x ≤ 1+ h,
where P− and P+ are at most order best approximants to f on the indicated intervals. Then Zhuk’s function Zhf is defined by
means of the second order Steklov means
Zhf (x) := 1h
 h
−h

1− |t|
h

fh(x+ t)dt, 0 ≤ x ≤ 1.
It can be shown that Zhf ∈ W2,∞[0, 1]. According to [8] for sufficiently large l and a fixed ε > 0 we have
∥f − g∥ ≤ ∥f − Zhf ∥ + ∥Bl(Zhf )− Zhf ∥ ≤ 34ω2(f ; h)+ ε,
∥g ′∥ ≤ ∥(Zhf )′∥ ≤ 1h

2ω1(f ; h)+ 32ω2(f ; h)

,
∥g ′′∥ ≤ ∥(Zδ f )′′∥L∞ ≤
1
δ2
3
2
ω2(f ; δ). (1)
For any positive linear operator T : C[0, 1] → C[0, 1], we define the powers of T by
T 0 = I, T 1 = T , Tm+1 = T ◦ Tm, m ∈ N.
Our aim is to study the asymptotic behavior of the powers of the operator T preserving e0 and e2 (ej(x) = xj). Assume that
there exists T∞(e1; ·) ∈ C[0, 1] such that
T (e0; x) = 1, T (e1; x) ≤ x, x2 = T (e2; x), lim
m→∞ |T
m(e1; x)− T∞(e1; x)| = 0, 0 ≤ x ≤ 1. (2)
The first result gives a quantitative estimate for iterates of positive linear operatorswhich preserve e0 aswell as the quadratic
test function e2.
Theorem 1. Suppose that T : C[0, 1] → C[0, 1] is a positive linear operator satisfying the conditions (2). Then there exists a
linear positive operator T∞ : C[0, 1] → C[0, 1] such that the following pointwise estimate
|T∞(f ; x)− Tm(f ; x)| ≤ 3ω2(f ; Tm(e1; x)− T∞(e1; x))+ 2ω1(f ; Tm(e1; x)− T∞(e1; x))
+ 3
2
ω2(f ;

Tm(e1; x)− T∞(e1; x))
holds true for x ∈ [0, 1] and f ∈ C[0, 1].
Next theorem shows that the limit T∞ of iterates of the operator T which preserves e0 and e2 is
V (f ; x) := (1− x2)f (0)+ x2f (1).
Theorem 2. Suppose that T : C[0, 1] → C[0, 1] is a positive linear operator satisfying the conditions (2). Furthermore assume
that T∞(e1) = e2. Then the pointwise approximation
|V (f ; x)− Tm(f ; x)| ≤ 3ω2(f ; Tm(e1; x)− x2)+ 2ω1(f ; Tm(e1; x)− x2)+ 32ω2(f ;

Tm(e1; x)− x2)
holds true for x ∈ [0, 1] and f ∈ C[0, 1].
Many of the linear methods of approximation are given by a sequence of linear positive operators designed as follows
Λn(f ; x) :=
n
k=0
f (xn,k)an,k(x), f ∈ C[0, 1],
where the function an,k ∈ C[0, 1] is non-negative, 0 = xn,0 < · · · < xn,n = 1 forms a mesh of nodes. Assume that the
following identities
n
k=0
an,k(x) = 1,
n
k=0
x2n,kan,k(x) = x2, 0 ≤ x ≤ 1,
an,0(0) = an,n(1) = 1,
are fulfilled. It is clear that
Λn(f ; 0) = f (0), Λn(f ; 1) = f (1).
Next we show that the previous general results imply the convergence assertion of Agratini [27], also providing a full
quantitative version of it. Our assertion is given in terms of the first and second order moduli, the best to be expected under
the present conditions.
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Theorem 3. Let Λn be a sequence of operators defined above with
αn := min{an,0(x)+ an,n(x) : 0 ≤ x ≤ 1} > 0.
Then the pointwise approximation
|Λmn (f ; x)− V (f ; x)| ≤ 3ω2

f ; 1
4
(1− αn)m−1(1− an,0(x)− an,n(x))

+ 2ω1

f ; 1
4
(1− αn)m−1(1− an,0(x)− an,n(x))

+ 3
2
ω2

f ; 1
2

(1− αn)m−1(1− an,0(x)− an,n(x))

holds true for all x ∈ [0, 1] and f ∈ C[0, 1].
This inequality reflects the fact that the iterates interpolate V (f ) (and f ) at x = 0 and x = 1.
Theorem 4. Let Λn be a sequence of operators defined above with αn := min{an,0(x) + an,n(x) : 0 ≤ x ≤ 1} > 0. Then the
uniform approximation
∥Λmn (f )− V (f )∥ ≤ 3ω2

f ; 1
4
(1− αn)m−1

+ 2ω1

f ; 1
4
(1− αn)m−1

+ 3
2
ω2

f ; 1
2

(1− αn)m−1

holds true for all f ∈ C[0, 1].
Note that the convergence of iterates of Λmn by using contraction principle is studied in [27]. Theorem 3 gives a
quantitative result for this type operators.
2. Proofs of the theorems
In this section we give proofs of the main results.
Proof of Theorem 1. For every nonincreasing convex g ∈ C2[0, 1], we have
g(t) ≥ g(x)+ g ′(x)(t − x),
T (g; x) ≥ g(x)+ g ′(x)(T (e1; x)− x) ≥ g(x). (3)
It follows that
g(x) ≤ Tm(g; x) ≤ Tm+1(g; x) ≤ ∥g∥.
In other words the sequence {Tm(g; x)} is nondecreasing for any nonincreasing convex g ∈ C2[0, 1] and x ∈ [0, 1]. It should
be noticed that by Dini’s theorem the convergence Tm(e1)→ T∞(e1) is uniform on [0, 1].
Let x ∈ [0, 1] be fixed and g ∈ C2[0, 1] be arbitrary. Introduce the following auxiliary functions
g±(t) = 12∥g
′′∥(1− t)2 + ∥g ′∥(1− t)± g(t).
It is clear that
g ′±(t) = −∥g ′′∥(1− t)− ∥g ′∥ ± g ′(t) ≤ 0, g ′′±(t) = ∥g ′′∥ ± g ′′(t) ≥ 0.
Therefore the functions g±(t) are nonincreasing convex for both choices of the sign. Since (Tm+p− Tm)(g±; x) is positive we
have
0 ≤ (Tm+p − Tm)(g±; x) = 12∥g
′′∥(Tm+p − Tm)((e0 − e1)2; x)
+∥g ′∥(Tm+p − Tm)(e0 − e1; x)± (Tm+p − Tm)(g; x).
It follows that
|(Tm+p − Tm)(g; x)| ≤ (∥g ′′∥ + ∥g ′∥)(Tm − Tm+p)(e1; x). (4)
So {Tm(g; ·)} is a Cauchy sequence in C[0, 1] and there is a linear positive operator T∞(g) such that
lim
m→∞ ∥T
m(g)− T∞(g)∥ = 0
for any g ∈ C2[0, 1].
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Let f ∈ C[0, 1]. For g ∈ C2[0, 1] arbitrarily chosen, using (4) we have the following estimate
|T∞(f ; x)− Tm(f ; x)| ≤ |(T∞ − Tm)(f − g; x)| + |T∞(g; x)− Tm(g; x)|
≤ 2∥f − g∥ + ∥g ′∥(Tm(e1; x)− T∞(e1; x))+ ∥g ′′∥(Tm(e1; x)− T∞(e1; x)). (5)
Now we substitute g := Bn(Zhf ) ∈ C2[0, 1], where Zhf is Zhuk’s function. In (5) using the inequalities (1) and letting ε→ 0
we arrive at
|T∞(f ; x)− Tm(f ; x)| ≤ 3
2
ω2(f ; h)+ 1h

2ω1(f ; h)+ 32ω2(f ; h)

(Tm(e1; x)− T∞(e1; x))
+ 1
δ2
3
2
ω2(f ; δ)(Tm(e1; x)− T∞(e1; x))
with h > 0 and δ > 0. If Tm(e1; x)− T∞(e1; x) > 0 taking h = Tm(e1; x)− T∞(e1; x) and δ2 = Tm(e1; x)− T∞(e1; x) yields
the desired result.
If Tm(e1; x)− T∞(e1; x) = 0, then
|T∞(f ; x)− Tm(f ; x)| ≤ 3
2
ω2(f ; h).
For h → 0 we obtain T∞(f ; x) = Tm(f ; x) for all 0 ≤ x ≤ 1. 
Proof of Theorem 2. The operator T∞ of Theorem 1 satisfies
T∞(e0) = e0, T∞(e1) = e2, T∞(e2) = e2
and
(T∞ − Tm)(e1; x) = e2(x)− Tm(e1; x).
It remains to show that T∞(f ) = V (f ) for all f ∈ C[0, 1]. It is clear that it is enough to show this equality in C2[0, 1].
Let g ∈ C2[0, 1]. Define the following auxiliary functions.
G(x) := g(x)− V (g; x) = g(x)− (1− x2)g(0)− x2g(1),
l := 1
2
∥g ′′ + 2g(0)− 2g(1)∥, G′′(x) = g ′′(x)+ 2g(0)− 2g(1),
g±(x) = −lx2 + lx± G(x).
It is clear that g± is concave and nonnegative, since
g ′′±(x) = −∥G′′∥ ± G′′(x) ≤ 0, G(0) = G(1) = 0.
It follows that
−l(x− x2) ≤ G(x) ≤ l(x− x2), 0 ≤ x ≤ 1.
Application of the positive operator T∞ gives
−l(T∞(e1; x)− T∞(e2; x)) ≤ T∞(G; x) = T∞(g; x)− V (g; x) ≤ l(T∞(e1; x)− T∞(e2; x)), 0 ≤ x ≤ 1,
and T∞(g) = V (g) for all g ∈ C2[0, 1]. 
Proof of Theorem 3. For each 0 ≤ x ≤ 1 we can write
|Λn(e1; x)− x2| = |Λn(e1; x)−Λn(e2; x)| =
n−1
k=1
(xn,k − x2n,k)an,k(x)

≤ 1
4
n−1
k=1
an,k(x) = 14 (1− an,0(x)− an,n(x)).
Now we suppose that the relation
|Λmn (e1; x)− x2| ≤
1
4
(1− αn)m−1(1− an,0(x)− an,n(x)) (6)
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is true for a fixedm ∈ N and show it form+ 1. We apply on this relation the operatorΛn, obtaining
|Λm+1n (e1; x)− x2| = |Λn(Λmn (e1; ·)− e2; x)| ≤
1
4
(1− αn)m−1Λn(1− an,0 − an,n; x)
= 1
4
(1− αn)m−1Λn

n−1
k=1
an,k; x

= 1
4
(1− αn)m−1
n
l=0
n−1
k=1
an,k(xn,l)an,l(x)
= 1
4
(1− αn)m−1
n−1
l=1
an,l(x)
n−1
k=1
an,k(xn,l) ≤ 14 (1− αn)
m
n−1
l=1
an,l(x)
= 1
4
(1− αn)m(1− an,0(x)− an,n(x)).
We have thus proved that relation (6) is true for anym ∈ N. Now the desired result follows from Theorem 2. 
3. Applications
In this section we employ the standard notations of q-calculus. The q-integer and q-factorial are defined by
[n]q :=

1− qn
1− q if q ∈ R
+ \ {1},
n if q = 1
for n ∈ N and [0] = 0,
[n]q! := [1]q[2]q . . . [n]q for n ∈ N and [0]q! = 1.
For integers 0 ≤ k ≤ n q-binomial is defined by
n
k

q
:= [n]q![k]q![n− k]q! .
Example 1. King-type q-Bernstein operators (0 < q ≤ 1).
Now we define the q-Bernstein operators (see [39])
Bn,q : C[0, 1] ∋ f →
n
k=0
f
 [k]q
[n]q

pn,k(q; ·) ∈ Pn,
pn,k(q; x) =

n
k

q
xk
n−k−1
s=0
(1− qsx).
We have
Bn,q(1; x) = 1, Bn,q(t; x) = x,
Bmn,q(t
2; x) =

1− 1[n]q

x2 + 1[n]q x.
King [40] constructed operators of Bernstein-type which reproduce the test functions e0 and e2. Convergence of the
iterates of the King-type operators are studied by means of contraction mapping principle in [41,27]. It was proved that
its over-iterates converge to a parabola. Here we give quantitative description of the ‘‘over-iterated’’ King-type q-Bernstein
operators in the case 0 < q ≤ 1. Note that King type q-Bernstein operators were studied in [42].
Let f ∈ C[0, 1] and 0 < q ≤ 1. Assume that {un,q(x)} be a sequence of functions defined on [0, 1] such that
un,q(x) : N× (0, 1] → C[0, 1]. LetBn,q : C[0, 1] → C[0, 1] be defined by
Bn,q(f ; x) =
n
k=0
f
 [k]q
[n]q

n
k

q
(un,q(x))k
n−k−1
s=0
(1− qsun,q(x)), x ∈ [0, 1], n ∈ N.
In the special case un,q(x) = x, n = 1, 2, . . . , the positive linear operators defined above reduce to the q-Bernstein
polynomials Bn,q.
Calculations analogous to that of q-Bernstein polynomials gives
Bn,q(e0; x) = 1, Bn,q(e1; x) = un,q(x),
Bn,q(e2; x) = (un,q(x))2 + un,q(x)(1− un,q(x))[n]q .
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We choose un,q as follows:
rn,q(x) =

x2, n = 1,
− 1
2q[n− 1]q +

[n]q
q[n− 1]q x
2 + 1
4q2[n− 1]2q
, n = 2, 3, . . . .
It is clear that in this case the operator Vn,q(f ; x) := Bn,q(f ; rn,q(x)) preserves e2:
Vn,q(e0; x) = 1, Vn,q(e1; x) = rn,q(x), Vn,q(e2; x) = x2.
Theorem 5. Let 0 < q ≤ 1. Let Vn,q be a sequence of King type q-Bernstein operators. Then the pointwise approximation
|Vmn,q(f ; x)− V (f ; x)| ≤ 3ω2

f ; 1
4
(1− αn,q)m−1(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x)))

+ 2ω1

f ; 1
4
(1− αn,q)m−1(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x)))

+ 3
2
ω2

f ; 1
2

(1− αn,q)m−1(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x)))

holds true for all x ∈ [0, 1] and f ∈ C[0, 1].
Proof. It is clear that
αn,q = min

(rn,q(x))n +
n−1
j=0
(1− qjrn,q(x)) : 0 ≤ x ≤ 1

≥ min{(rn,q(x))n + (1− rn,q(x))n : 0 ≤ x ≤ 1} = 12n > 0.
It remains to apply Theorem 3. 
Example 2. King type genuine q-Bernstein–Durrmeyer operators (0 < q ≤ 1).
Now we consider the genuine q-Bernstein–Durrmeyer operators
Un,q(f ; x) := f (0)pn,0(q; x)+ f (1)pn,n(q; x)+ [n− 1]q
n−1
k=1
q1−kpn,k(q; x)
 1
0
pn−2,k−1(q; qt)f (t)dqt, (7)
studied in [43]. Classical genuine Bernstein–Durrmeyer operators appeared first in papers [44,45].
In the case of the genuine q-Bernstein–Durrmeyer operators we have
Un,q(e0; x) = 1, Un,q(e1; x) = x,
Un,q(e2; x) =

1− [2]q[n+ 1]q

x2 + [2]q[n+ 1]q x.
Let f ∈ C[0, 1] and 0 < q ≤ 1. Assume that {un,q(x)} be a sequence of functions defined on [0, 1] such that
un,q(x) : N× (0, 1] → C[0, 1]. LetUn,q : C[0, 1] → C[0, 1] be defined by
Un,q(f ; x) := f (0)pn,0(q; un,q(x))+ f (1)pn,n(q; un,q(x))
+ [n− 1]q
n−1
k=1
q1−kpn,k(q; un,q(x))
 1
0
pn−2,k−1(q; qt)f (t)dqt.
In the special case un,q(x) = x, n = 1, 2, . . . , the positive linear operators defined above reduce to the genuine
q-Bernstein–Durrmeyer operators Un,q.
Calculations analogous to that of q-Bernstein polynomials gives
Un,q(e0; x) = 1, Un,q(e1; x) = un,q(x),
Un,q(e2; x) = (un,q(x))2 + [2]qun,q(x)(1− un,q(x))[n+ 1]q .
We choose un,q as follows:
rn,q(x) =

x2, n = 1,
− [2]q
2q2[n− 1]q +

[n+ 1]q
q2[n− 1]q x
2 + (1+ q)
2
4q4[n− 1]2q
, n = 2, 3, . . . .
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Then the operatorMn,q(f ; x) := Un,q(f ; rn,q(x)) preserves e2:
Mn,q(e0; x) = 1, Mn,q(e1; x) = rn,q(x),
Mn,q(e2; x) = Un,q(e2; rn,q(x)) = (rn,q(x))2 + [2]qrn,q(x)(1− rn,q(x))[n+ 1]q = x
2.
Theorem 6. Let 0 < q ≤ 1. Let Mn,q be a sequence of King type genuine q-Bernstein–Durrmeyer operators. Then the pointwise
approximation
|Mmn,q(e1; x)− V (f ; x)| ≤ 3ω2

f ; 1
4
(1− αn,q)m−1(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x)))

+ 2ω1

f ; 1
4
(1− αn,q)m−1(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x)))

+ 3
2
ω2

f ; 1
2

(1− αn,q)m−1(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x)))

holds true for all x ∈ [0, 1] and f ∈ C[0, 1].
Proof. It is clear that
αn,q = min

(rn,q(x))n +
n−1
j=0
(1− qjrn,q(x)) : 0 ≤ x ≤ 1

≥ min{(rn,q(x))n + (1− rn,q(x))n : 0 ≤ x ≤ 1} = 12n > 0.
For each 0 ≤ x ≤ 1 we can write
|Mn,q(e1; x)− x2| =
[n− 1]q n−1
k=1
q1−kpn,k(q; rn,q(x))
 1
0
pn−2,k−1(q; qt)(t − t2)dqt

≤ 1
4
n−1
k=1
pn,k(q; rn,q(x)) = 14 (1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x))).
Now we suppose that the relations
|Mmn,q(e1; x)− x2| ≤
1
4
(1− αn,q)m−1(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x))) (8)
is true for a fixedm ∈ N. We show it form+ 1. We apply on this relation the operatorMn,q, obtaining
|Mm+1n,q (e1; x)− x2| = |Mn,q(Mmn,q(e1; ·)− e2; x)| ≤
1
4
(1− αn,q)m−1Mn,q(1− pn,0(q; rn,q)− pn,n(q; rn,q); x)
= 1
4
(1− αn,q)m−1Mn,q

n−1
k=1
pn,k(q; rn,q); x

= 1
4
(1− αn,q)m−1[n− 1]q
n−1
l=1
q1−lpn,l(q; rn,q(x))
 1
0
pn−2,l−1(q; qt)
n−1
k=1
pn,k(q; rn,q(t))dqt
≤ 1
4
(1− αn,q)m
n−1
l=1
pn,l(q; rn,q(x))
= 1
4
(1− αn,q)m(1− pn,0(q; rn,q(x))− pn,n(q; rn,q(x))).
We have thus proved that relation (8) is true for anym ∈ N. It remains to apply Theorem 2. 
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